A graph /-is said to be G-locally primitive, where G is a subgroup of automorphisms of /-, if the stabiliser G~ of a vertex a acts primitively on the set/-(a) of vertices of/-adjacent to or. For a finite non-abelian simple group L and a Cayiey subset S of L, suppose that L <3 G...<Aut( L), and the Cayley graph /-= Cay ( L, S) is G-locally primitive. In this paper we prove that L is a simple group of Lie type, and either the valency of /-is an add prine divisor of I Out(L) I, or L = PQ{ (q) and/-has valency 4. In either cases, it is proved that the full automorphism group of/-is also almost simple with the same socle L.
For a group G, its socle soc (G) is the product of all minimal normal subgroups of G. A group G is said to be almost simple if its socle L: = soc(G) is a nonabelian simple group and hence L <3 G ~< Aut( L ). A transitive group G is said to be quasiprimitive if each nontrivial normal subgroup is transitive. A permutation group G is semiregular if only the identity element has fixed point. If G is both transitive and semiregular we say that G is regular. The arcs of a graph P are the ordered pairs of adjacent vertices. If a group G acts as a transitive group of automorphisms of a graph/-" then F' is said to be G-locally primitive if, for all vertices a, the vertex stabiliser G~ acts primitively on the set /-'( a ) of vertices adjacent to a.
In refs. [ 1, 2] an investigation was begun into finite connected nonbipartite graphs P admitting an almost simple subgroup G of automorphisms such that G is transitive on the arcs of/1, G is locally primitive on F, and G is quasiprimitive on vertices of/-'. The aim was to deduce, from these properties of the subgroup G, certain properties of the full automorphism group Aut (r') of F, for example, to determine part of the subgroup structure of Aut(/-') if Aut(/-') is not almost simple, or if Aut(/') is not quasiprimitive on vertices. Unfortunately the results in refs. [ 1, 2 ] showed as a hypothesis that the simple socle L of G was not semiregular on vertices. The purpose of this paper is to examine the case where L is semiregular on vertices to determine the extent to which the results in refs. [ 1, 2 ] depend on this assumption. It turns out (see Theorem 1 ) that in this situation, L is a simple group of Lie type, F is a Cayley graph for L with valency either an odd prime or 4, and the full automorphism group Aut (/-') also has socle L.
Thus, with G, L, /-" as in the above paragraph, we assume that L is semiregular on vertices. In this case, since G is quasiprimitive on vertices, L is transitive, and hence regular on vertices. This means that /-' is a Cayley graph for L (see Lemma 16 .3 of ref. [ 3 ] ). Cayley graphs are defined as follows. For a group L, and a subset S of L such that 1 ~ S and S = S -1, the Cayley graph/-" = Cay ( L, S) of L with respect to S is defined as the graph having vertex set L, with edges the pairs t g, sg t for g E L, s E S. The subset S is called a Cayley subset of L. Every Cayley graph for L admits L, acting by right multiplication, as a regular subgroup of automorphisms. Moreover, a graph is isomorphic to a Cayley graph for a group L if and only if L is isomorphic to a subgroup of automorphisms which is regular on vertices. Also, Cay (L, S) is connected if and only if (S) = L.
Thus the objects to be studied in this paper are connected Cayley graphs /" = Cay( L, S) for nonabelian simple groups L for which some almost simple subgroup G ~< NAHt(/-) (L) (such that G contains L ) is quasiprimitive on vertices and locally primitive. According to ref. [ 4 ] ,
A(L,S) = {a E Aut(L) I S ~ = St. Thus the group G is a semidirect product G = LG~, where G~ is the stabiliser in G of the vertex a = 1 L and G~ ~< A ( L, S ) ~< Aut ( L ) acting naturally, and faithfully, on the vertex set L. In particular G~ permutes the set /'( a ) = S primitively. Since L ~<Aut(F') and /-" is insoluble, /"
is not a cycle and so the valency I S I of Y' is greater than 2 ; and since S = S -1, for each s E S, the set { s, s -1 } is a non-trivial block of imprimitivity for the action of G~ on F ( a ) = S. It follows that s = s -1 ; that is, S is a subset of involutions of L.
The restriction that G is almost simple is very strong. It means in particular that L has trivial centraliser in G = LG~, and hence that G~is a subgroup of Aut(L) which meets the group of inner automorphisms trivially; that is, G~ is isomorphic to a subgroup of the outer automorphism group Out(L)of L. Since G~ also has a primitive permutation representation on S of degree greater than 2, I Out (L) [ > 2 so not every nonabelian simple group can occur, and moreover we have strong restrictions on both the valency of F and the full automorphism group of F'. Our main result is the following. Its proof depends on the finite simple group classification. Note that, in Theorem 1, U is G-locally-primitive. Hence G~ is primitive on U ( a ). This implies that G is arc-transitive on /'. A Cayley graph /-' = Cay( L, S) is said to be normal if L is normal in AutF. Thus the graph F in Theorem 1 is a normal Cayley graph. At the end of sec. 2 we give several examples of small cubic graphs satisfying these hypotheses admitting the simple group Sz (8) . Theorem 1 will be proved in sec. 2 using some results given in sec. 1.
Preliminary results
This section contains some results which will be used in the proof of our theorem. We denote by Vf' and EF the vertex set and edge set of a graph 1". For a permutation group G and a G-invariant subset A of points, we denote by G 3 the permutation group of A induced by G. For a partition P of the vertex set of a graph Y' we define the quotient graph f'e of r' relative to P as the graph with vertex set P and with B, C E P joined by an edge if and only if there is at least one edge of/-' joining a vertex of B to a vertex of C. We shall say that/~ is a cover of/-'p if, for each I B, C f E EFp, the subgraph of/" induced on B U C is a complete matching, that is, if each vertex of B is joined to a unique vertex of C and vice versa. If P is the set of orbits of a group N of automorphisms of/" then we shall write /'N = Fp.
The first lemma follows immediately from Lemmas 1.1, 1.4 (p), 1.5 and 1.6 of ref. [5 ] , and the connectivity of F. Lemma 1. Let /-" be a connected graph and suppose that Y is a subgroup of automorphisms of I" such that /-' is Y-vertex transitive and Y-locally primitive. Let N be a normal subgroup of Y which is intransitive on VF. Then either (a) N has exactly two orbits on VF and/" is bipartite with the bipartition the set of two Norbits ; or (b) N is semiregular with more than two orbits on V/-', /-'N is a connected Y-vertex transitive and Y-locally primitive graph, N is the kernel of the action of Y on FN, and /" is a cover of/-'N.
The next lemma is used to study the situation where the soele of Aut/-' in not abelian. It is an immediate consequence of the "Schreier conjecture" (which states that the outer automorphism group of a finite nonabelian simple group is soluble). The truth of the "Sehreier conjecture" is a eonsequenee of the finite simple group classification.
Lemma 2. Let S and L be finite nonabelian simple groups such that L normalizes S. If L acts nontrivially by conjugation on S, then L is isomorphic to a subgroup of S, and in particular ILI~<ISI.
The next few lemmas will be used in proving that the valency of/~ is a prime power. Again, the finite simple group classification is essential for their proofs. For a group L, let m (L) denote the minimal index of a proper subgroup of L.
Lemma 3. Let L be a finite nonabelian simple group and let K be a subgroup of Aut(L). Then the following hold.
Part (a) holds immediately from refs. [6, 7] (see also [8] ). For part (b), suppose that I Out(L) I is divisible by an odd prime r. Then L is a simple group of Lie type over a field of order q = pa for some prime p and integer a I> 1. The result follows immediately from part 
Now assume that
whence L= KAL, so K= L. For a positive integer n, we use Zn to denote a cyclic group of order n. For two groups A and B, A 9 B stands for an arbitrary extension of A by B. The next lemma is a result of Zsigmondy [113 which may also be found, for example, in ref. [12] .
Lemma 6. Let p be a prime and n I> 3. Then Since there is an odd prime r dividing I Out (L) I , it follows that L is a simple group of Lie type over a field of order q = pe, for some prime p and integer e I> 1, and moreover, either L = Pg2s + ( q ) and r = 3, or r is the order of a diagonal automorphism or a field automorphism of L, (see, for example, ref. [9] or ref. [13] ). We also note that, by Lemma 6,  any primitive prime divisor of p ~m -1 = qm _ 1 (for any m I> 1) is strictly greater than em. Now Y = GB is a maximal factorization of Y such that M = soc (Y) is not an alternating group, neither G nor B contains M, and G is almost simple with socle L and with I G:LI divisible by r. The possibilities for M and L are given in ref. [ 13 ] . If M is a sporadic simple group then for each line in table 6 of ref. [ 13 ] there is a prime l > r with l dividing I M : L I as required. So we may assume that M = M ( s ) is a simple group of Lie type over a field of order s = sf0 for some prime So and integer f~> 1. If M is an exceptional group then from table 5 of ref.
[ 13 ] it follows that s = q, and either r = 3 or r divides e ; in all cases I M : L I is divisible by a prime l > r as required. Thus we may assume that M is a classical group M = M n ( s ) of dimension n. In table 1 of ref. [ 13 ] , in all cases we see that So = p. For example, for M = Ln (s), in all cases, e is a multiple off and a proper divisor offn, and r divides n (and r ~ n/2), or n -1, or e ; and also, in all cases, I M : L I is divisible by a primitive prime divisor of s n -1 _ 1 = fro ( n -1) _ 1 which, by the italicised remark in the previous paragraph, is strictly greater than f( n -1 ) and hence is greater than r. A similar argument for the other groups occurring in table 1 of ref. [ 13 ] yields the existence of a suitably large prime l < r also. It is even easier to check the families of factorisations occurring in table 2 of ref. [ 13 ] : here s = q and there exists a suitable prime l > r in each case. In table 3 of ref. [ 13 ] , the examples are all individual groups M, and either we find a suitable prime l, or M = U4(3), L = L3(4). Finally in table 4 of ref.
[13], M = Pg2s + (s), and either s = q or (s, q) = (3,2); in all cases a suitable prime l> r exists.
Proof of Theorem 1
Part (a) of Theorem 1 was proved in the introduction. We begin this section by proving parts (b) and (c).
Proof of Theorem 1 (b) and (c).
L is regular on V/-' and so L A G~ = 1. Thus G~ is isomorphic to a subgroup of Out ( L ) since L ~< G = LG~ <. Aut ( L ). Since G~ is transitive on /-'( a ), I/" ( a ) I divides I G~ I and hence I/-" ( a ) I divides I Out (L) I. By Lemma 5, either IF(c~)l isaprime r, or L=P~2s +(q) with q odd and I/'(a)l =4.
Since Aut(/") is insoluble, /-' is not a cycle and so F(a) has valency at least 3. Hence I Out( L)I>~ 3. It then follows from the previous paragraph, using the finite simple group classification, that L is not a sporadic or alternating simple group, and so L is a simple group of Lie type over a field of order q = pe with p prime and e I> 1.
Next we show that an arbitrary overgroup of G in Aut(/') is quasiprimitive on V/-'. Note that, since /-' is a Cayley graph for the nonabelian simple group L, /" is not bipartite (for otherwise L would have a subgroup of index 2 fixing the two parts of the bipartition). [] Next we show that each overgroup of G in Aut(/-') is almost simple. Proposition 2. Suppose that G and/" = Cay ( L, S ) are as in Theorem 1 and let Y be such that G ~< Y<~ Aut/-'. Then Y is almost simple with socle containing L.
Proof. By Proposition 1, Y is quasiprimitive on V/-'. We shall use the "0' Nan-Scott theorem" for quasiprimitive permutation groups proved in ref. [ 14] ( ref. [ 15 ] ) to show that Y must be almost simple. Set W: = soc( Y). By Theorem 1 (a), /" = Cay( L, S). Thus I V/-' I = I L I , which is not a prime power. Suppose first that Y has a regular normal subgroup N. Then I N I = I V/-'I = ILl , and (since I V/"I is not a prime power) N is a direct product of isomorphic nonabelian simple groups. By Theorem 6.1 of ref. [ 16 ] , N is a nonabelian simple group. Since the subgroup of Y which normalises each of these factors is isomorphic to a subgroup of (Aut(T) )"~, it follows that L ~< W = (Inn(T) )m. Since W has trivial centre, L acts nontrivially by conjugation on at least one of the simple direct factors of W, and so by Lemma 2, L is isomorphic to a subgroup of T. In case (i) above where I V/-' I = I L I = I T I m -i, we must have m =2, i=l and T~LbyTheorem6.1 ofref. [16] . In this case W= T• T<~Hol(T), Wa--~ T, and /-' is a Cayley graph for T; the argument above in the case of a regular normal subgroup of Y applies and we have a contradiction.
Thus we are in case (ii). In this case [151 , Y is said to be of type PA : by choice of a we may assume that W~ is a subdirect product of R m for some proper subgroup R of T. Moreover, the product of any proper subset of the simple direct factors of W is intransitive, and so L projects nontrivially onto each of the simple direct factors of W. Hence L is contained in a diagonal subgroup D of W = T ~ . The proof that this case leads to a contradiction is very delicate. By the same argument as that used in Step 3 of the proof of Theorem 1.2 in ref. [ 2 ] we may conclude that m = 2, T~ L, and that the pair (T,R) is one of the following: (Ar,As), (M12, Mr1), (Sp4(q) ,Sp2(q 2) "2) with q = 2t~>4, (PI2s + (q), P/27(q)). Now I V/-" I = I T : R I z. I R 2 : W~ I and Wa is a subdirect product of R x R. Since also I V/" I = I L I = I T I , we find that in none of these possibilities for ( T, R ) is there a suitable subgroup W~. This contradiction completes the proof.
Finally we prove that Aut(/') has socle L. This proposition, together with Propositions 1 and 2, completes the proof of Theorem 1. (4)), then by Lemma 7, there is a prime l > r dividing IM :L I, which is a contradiction.
Suppose that M = Am, for some n i> 5. Since Y = GB with G an almost simple group of Lie type with socle L, (and with I G : L I divisible by the odd prime r), it follows from Theorem D ofref. [13] that either (i) n=10, L=L2(8) (so r=3) andAsxAs<~B<~Sswr S2with B transitive of degree 10, or (ii) A,_ k ~< B ~< Sn_ k x Sk for some k with 1 ~< k <~5 and G is transitive on the k-subsets of a set of size n ; in particular G is transitive of degree n. Case (i) is not possible since5 divides IM:LI. In case (ii), we have n1>m(L), so r~<(n-2)/2 by Lemma 3 (b). Also, since I Out(L) I has an odd prime divisor, it follows that m(L) I>9, so n i>9. By Bertrand's postulate EIs~ , there is a prime l such that (n-1)/2 < l~< (n-1) -2. Such a prime l divides I M I , and is greater than r, and hence does not divide I Y: L I . Thus l divides I L I . If l > n/2, then the transitive group G is primitive of degree n, and since l < n -3 it follows from refs. [19, 13.10 ] that G contains A n , which is not the case. Hence l = n~ 21>5, and for n>110, there is a second prime l' such that n/2<l'~<n 3, and we obtaina contradiction as before. 
Thus (M,L)=(U4(3),L3(4)
)
